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The purpose of this lecture note is to provide a brief overview of the state-of-the-art
multiscale techniques that utilize the lattice Boltzmann for flow simulations and the
discrete element simulations for simulating the granular system fully saturated with
pore fluid. We will review the basics of discrete element and lattice Boltzmann meth-
ods, the different options for multiscale coupling, and the recent research trend for
more accurate and fast predictions for the multiscale modeling of porous media.

1 Introduction

From the bone remodeling to the failure of landslides, the micro-mechanical
coupling between the solid skeleton and the pore fluid plays an important role
to the macroscopic mechanical outcomes. While there are numerous works
dedicated to model the interaction of the solid and fluid constituents at the
representative element volume scale where continuum models are valid, the
recent advancement of computational resource has made it possible to repli-
cate the coupling mechanisms of the pore fluid and solid at the macroscopic
scales. This lecture note provides a brief overview of the theoretical frame-
work and numerical treatment that enables the linkage between the micro-
scopic particle-fluid interactions and the macroscopic responses of the mixture
continua.

Th rest of this lecture note is organized in 4 sections. We begin this lecture note
with a brief review of the discrete element method for the granular materials
and the lattice Boltzmann method for the pore fluid flow. We then present the
multiscale techniques used to upscale the homogenized constitutive responses
inferred from the representative elementary volume to the bulk and interface
effective media. Each section ends with numerical examples used to verify
the implementations and demonstrate the proper usages of the mathematical
models.
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190 Upscaling lattice Boltzmann and discrete element simulations for porous media

As for notations and symbols, bold-faced letters denote tensors; the symbol "’
denotes a single contraction of adjacent indices of two tensors (e.g. a - b = a;b;
or c-d = cjjdj ); the symbol -’ denotes a double contraction of adjacent
indices of a tensor of rank two or higher (e.g. C : €° = Cjj€y; ); the symbol ‘®’
denotes a juxtaposition of two vectors (e.g. 4 ® b = a;b;) or two symmetric
second-order tensors (e.g. (& ® B)jx = ;i) Moreover, (& © B)ijx = aj1Bik
and (« & ,B)ijkl = ‘Xil,Bjk- We also define identity tensors (1)1']' = ‘Sij/ (14)ijkl =
Jikéjl/ and (Igym>ijkl = %(5ik5jl + 51'[5](]'), where (5,] is the Kronecker delta. As
for sign conventions, unless specify otherwise, we consider the direction of
the tensile stress and dilative pressure as positive.

2 Discrete element method for solid skeleton

To obtain effective stress measure from the DEM, we constitute a micro-
scopic problem in which the macroscopic deformation measure is recast as
the boundary condition for the unit problem. The unit cell problem is used
to replace the macroscopic constitutive model that relates macroscopic strain
measure and internal variables with the macroscopic effective stress measure.
In the DEM model we employed, there is no microscopic internal variable in-
troduced for the contact laws. Instead, path dependent behavior is mainly
caused by the rearrangement of the grain contacts and the evolution of the
force chain network topology.

In the unit cell DEM problem, the frame or walls of the particle assemblies are
driven to move according to the macroscopic deformation measure via ap-
plying boundary traction or prescribing displacements on boundary particles
[MDZ10, GZ14]. The contact forces are computed for each particle and the
equations of motion are integrated by an explicit time integrator [CS79]. In
quasi-static problems, to achieve static equilibrium of the particle assemblies,
a dynamic relaxation scheme is employed.

Consider two rigid spheres p and g with radii R, and R; modeling a particle
pair in contact inside a granular assembly. Let y,, and y, denote the position
vectors of their centers in a global coordinate system, while their orientations
are represented by unit orientation quaternions 4, and ¢, [SCC*10]. The rel-
ative velocity d; of the contact point y. depends on the rate of change of the
position vectors , and #, and the rate of change of the particle orientations
wp and wy, ie.,

di = i, — 1, — wg % (Y. — y,) — wp X (y. — y,) (1)

Assuming that the contact areas of all particle pairs are infinitesimal and ne-
glecting the gravitational force, and we also don’t consider torques/couples at
contacts due to rolling and torsion in the numerical examples in this paper, the
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equations of motion for the translational and rotational degrees of freedom of
particle p reads,

myli, = fp =21,
e ©)
Ly =ty =} (y.—y,) < f

c

with the mass 711, and moment of inertia I, of the sphere p, f, the sum of n,
contact forces f; and t, the sum of 1. contact torques due to tangential forces.

In YADE, following the form of Cundall’s global damping [CS79], artificial
numerical damping forces and torques are applied on each particle to reduce
the total force and total torque that increases kinematic energy, while intro-
ducing damping to all eigen-frequencies [SCC*10]. The damping force fgamp
on particle p is a function of the total contact force f,, the particle velocity y,
and a dimensionless damping coefficient Agamp (Which we set to be 0.2 for all
numerical examples presented in this paper). The damping torque tgamp on
the rotational degree of freedom is constructed in a similar way, i.e.,

d .

fpamp = _/\damp fp Sgn(fp : yp) (3)
d. .

tpamp = —Adamp tp sgn(t, - wp)

Finally, (2) is integrated with a central difference scheme. Consider the in-
cremental update from time step ¢ to time step f + At and let (y,,)r-at, (y,)t,

(yp)HAt denote the translational degrees of freedom for the p-th particle in

three consecutive time steps. The explicit central difference scheme that up-
dates (yp)t+At reads,

1 am
(yp)t+At = mip(fp +f§71 p)tAtz +2(yp)t - (yp)tht (4)

For updating the orientation of the p-th particle (qp)t+ At, the explicit central
difference scheme leads to the angular velocity at time  + % [SCC*10],

. 1 d
(wp)y ar = (wp),_oe + A(ap)r = (wp),_u +At7(tp +5,F), ()
p

The Euler axis and angle of the rotation quaternion Ag,, are represented by a
unit vector and the magnitude of the rotation At(wy), at, respectively, i.e.,
2

{(qu)u = @H—%

(6)
(8, )0 = [Bt(wy),,
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192 Upscaling lattice Boltzmann and discrete element simulations for porous media

The rotation quaternion (L]Ig)tJr At is then updated by combining two rotation
quaternions together, i.e.,

(qp)tJrAt = qu(qp)f (7)

Note that the multiplication of quaternions is not commutative. Following the
update of particle positions and orientations, the contact forces, moment are
updated and the energy balance is checked. The static equilibrium is achieved
when the particle velocity becomes sufficiently small. In YADE, this is indi-
cated by the magnitude of the kinetic energy and the unbalanced force index
(cf. [Ng06]).

In the actual numerical simulations, we employ a simple contact law model
that can be decomposed into the normal and tangential components, ( f;)”
and (f},)" ie,

¢

3R =3 () + (f5)) ®

The normal contact force between a particle pair p and g is nonzero if and only
if the particles are in contact, i.e.,

—kpdyn if d, <0
(f;)"z(f;)"n:{ " ”Oif d:>0 ;dnz\/(ypfyq)-(y,ryq)*Rqu

©)
where n is the contact normal vector, d, is the overlapped length. Further-
more, the normal stiffness k,, of the grain contact is related to the radii (R, and
R4) and Young’s modulus of the particle E3, i.e.,

ESR,R,

k, =2—— " 1 1
" Ry + Ry (10)

Meanwhile, the tangential force ( f;)t depends on the shear stiffness k; and

the relative tangential displacement, but is also capped by the Coulomb’s fric-
tional force. As shown in [CCB14], the rate form of the tangential constitutive
law reads,

o {ktdt ikl < |(fp)"ltan®) gy

0 if [[keds|| > |(f5)"] tan(p)
where c is the cohesion, A is a dimensionless material parameter, § is the fric-
tion angle.

Notice that the proposed multiscale coupling model is not limited to the DEM
model with this particular set of constitutive laws.
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RVE generation

The granular assemblies used in this study is obtained using the RVE genera-
tion engine available in an open source DEM software YADE [KD09]. In par-
ticular, we use the isotropic-compression method first introduced in [CS79].
For completeness, we briefly outline the procedure below:

1. First, a cell box with its six faces serving as the periodic boundaries is
prepared. Spheres with defined particle size distribution are then ran-
domly inserted into the box. Initially, these inserted particles are not
allowed to overlap.

2. Material parameters of particles such as the contact stiffness, density and
friction angle are then assigned to the particle. At this point, the assigned
inter-particle friction coefficient is set to an artificial value to manipulate
the amount of particle sliding and achieve the desired porosity. A large
value of friction angle will yield a loosely packed RVE, and the value is
set to a very low value when a dense packing is desired.

3. The unit cell is latter subjected to isotropic compression with prescribed
confining pressure. The loading is carried out by an implemented en-
gine which is capable of controlling either the Cauchy stress or the ve-
locity gradient of the RVE. This process terminates when the entire RVE
achieves static equilibrium.

4. Finally, the real values of friction coefficient are re-assigned to all parti-
cles and the RVE is now ready for future simulations.

If frictionless rigid walls are used as the RVE driving boundary, they are sim-
ply generated in the first step to replace the periodic box. As pointed out
by [JKLO03], the isotropic compression method is very efficient in generating
dense granular assemblies. However, it is hard to maintain uniformity for
loose specimens.

2.1 Numerical Example: successive sample reduction test for
boundary condition sensitivity

The size of the unit cell (and therefore number of particles in the RVE) deter-
mines whether the apparent responses homogenized from microstructures of
RVE could give converged coarse-scale effective properties. The size of the
unit cell must be sufficiently large such that the apparent responses are in-
sensitive to the imposed boundary condition [WLWO08] and that it contains
statistically enough mechanisms for the deformation processes. To ensure
that the size of the unit cell is sufficiently large to be an RVE, we conduct
a series of numerical experiments to empirically determine the representa-
tive element size. Following the ideas of successive sample tests discussed
in [ZW01, WBF06, SAR11], we first create a large assembly composed of 979
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194 Upscaling lattice Boltzmann and discrete element simulations for porous media

equal-size spherical particles and obtain the local equilibrium state under a
100 kPa isotropic compression. Then we successively reduce the size of the
cubic sampling window and obtain four other granular assembles with 619,
413, 311 and 75 particles. Four of these assemblies are shown in in Fig. 1. Each
RVE is then brought to equilibrium state under confining pressure of 100 kPa.
To analyze whether the granular assembly is homogeneous, we also plot the
Rose diagram of the contact normal orientation and show them in Fig. 1. We
observed that the the contact normals are distributed quite evenly in all assem-
blies, except the smallest one with 75 particles. This result is consistent with
the finding on 2D granular assemblies reported in [GZ14] in which a granu-
lar assembly consisting of too few particles tends to exhibit more anisotropic
responses. Nevertheless, the contact normal distribution also indicates that a
few hundreds of particles may be enough to generate a dense assembly with
a statistically homogeneous fabric.

No. particles: 979 No. particles: 619 No. particles: 413 No. particles: 75

150

Probability [%]

210

Figure 1: Four different sizes of granular assemblies used in the RVE study
(UPPER) and the corresponding Rose diagram for contact normal orientation
(LOWER).

All five numerical specimens are then subjected to triaxial loading until 20%
axial strain. Previous studies have established that the boundary conditions
driving the frame or surrounding wall of the unit cell may affect the macro-
scopic behavior. This sensitivity to the boundary condition is more severe
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when the unit cell is smaller than the RVE size, but less important when the
unit cell contains enough particles [ZW01, MD04, WBF06, WLW08, MDZ10,
GZ14]. In particular, [MDZ10] has conducted systematic study to compare
various constraints which transform periodic, linear displacement (zero rota-
tion) and uniform stress to particle assemblies and found that all three satisfy a
priori the Hill-Mandel condition. The study in [MDZ10] demonstrates that the
linear displacement constraint produces the stiffest homogenized responses,
the uniform stress constraint leads to the softest homogenized responses,
while the periodic constraint leads to the intermediate response which is con-
sidered the optimal choice in [MDO04]. In this study, we conduct numerical
experiments for two types of boundary conditions, i.e. periodic boundary
and frictionless rigid walls that impose linear displacement and zero rotation.
The shear stress responses and porosity paths of triaxial compression tests on
different size of RVEs are shown in Fig. 2.

3 Lattice Boltzmann method for fluid flow

A multi-scale lattice Boltzmann/Finite element method is used to extract ge-
ometrical features and permeability from the granular assemblies. This hy-
brid method was originally proposed in [WBF06] to estimate permeability of
Castlegate Sandstone. Sun et al 2011a [SAR11] improved the accuracy and
computation efficiency of this method by incorporating geometrical analysis
in permeability calculations. The key to this improvement is partitioning the
entire grain assembly into unit cells where pore-scale lattice Boltzmann sim-
ulations are conducted in the connected pores of each unit cell. Since dis-
cretized voxel images may contain isolated pore if the resolution is insuffi-
cient, this method is used to ensure that discretization does not alter connec-
tivity of the pores.

The lattice Boltzmann method we used is a single-relaxation time BGK model
[ZH97], which solves a discretized Boltzmann equation by simulating the evo-
lution of particle distribution that propagates and collides locally among lat-
tice nodes. The evolution of particle distribution function f; in direction e; is
updated in each time step through the following equation,

1
filx+eit+ A1) = fi(x t) = ——(filx,t) = £ (x,1)) (12)
where f*1 is a truncated equilibrium distribution defined as,

3e;-v  9(e;-v)> wv-v
E’l] i 1 1 1
Ji ip c2 ct 2c2 )

(13)

T is a parameter related to the dynamic fluid viscosity v, as shown in the
Chapman-Enskog equation (cf. [Suc01]),

v = At (1 - %) (14)
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Figure 2: Shear stress response and porosity path of triaxial compression tests
on different size of RVEs. (a)(c) RVE driven by periodic boundaries; (b)(d)
RVE driven by frictionless rigid walls

where c; is the constant speed of sound. rho and v are the macroscopic density
and velocity. They are determined from the evolution of the particle distribu-
tion, i.e.,

M=

Il
—_

1N
p= ﬁ;v=52ﬁei (15)

1

The effective permeability of a porous medium can be measured by applying
a pore pressure gradient along a basis direction and determining the resultant
fluid filtration velocity from a pore-scale hydrodynamics simulation. Then,
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the effective permeability tensor is obtained according to,

U S
ki = (S T o 8040 (16)

where u? is the kinematic viscosity of the fluid occupying the spatial domain
of the porous medium (). To implement this procedure, we first assume that
the effective permeability tensor k;; is symmetric and positive definite. We
then determine the diagonal components of the effective permeability ten-
sor kj; by three hydrodynamics simulations. In each simulation, we impose
a pressure gradient on two opposite faces orthogonal to an axis e; and no-
slip boundary conditions on the four sides parallel to e; where e; denotes an
orthogonal axis of a Cartesian system.

3.1 Numerical example 1: occluded porosity and its impact on
homogenized permeability

In many situations, particularly in natural porous materials, occluded porosity
occupies a significant portion of the pore space. Failure to identify occluded
porosity can cause dramatic errors in multiscale modes. Typical situations
where significant occluded porosity is expected to play a role include the mi-
gration of pore-fill cement into pore space, pore closure in limestones due to
CO; sequestration, and the formation of compaction bands [SARE11].

To illustrate this point, let us consider a two dimensional LB simulation of the
sample depicted in Figure 3. In this example, our objective is to obtain the
vertical global permeability of a sample, discretized using a 30 u x 40 u lattice
(u =lattice unit), using three different techniques. In the first technique, LB
simulations are conducted on the entire sample, without any domain decom-
position. This is equivalent to a direct numerical simulation and is interpreted
here as the ‘true’ solution. The second technique uses domain decomposition
(sample is split into four parts along the vertical direction) and uses occluded
space detection, keeping only connected porosity active. The third technique
uses domain decomposition but does not distinguish between connected and
occluded porosity. Global permeabilities for the partitioned samples are ob-
tained from the local estimates by [BBM87],

i L;
k==L (17)
Y Li/ki

i=1

where k; are the local values of permeability in each layer of thickness L;, and
n = 4 denotes the number of unit cells (layers).
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Figure 3: Velocity profiles of lattice Boltzmann simulations on (a) unparti-
tioned domain (k = 0.015 u?), (b) partitioned domain with identified and
deactivated occluded porosity (k = 0.013 u?), and (c) partitioned domain
without any special treatment for occluded porosity (k = 0.0078 u?). Where
u =lattice unit.

Results for the LB calculations are summarized in Table 1. It should be high-
lighted that the relative error induced by the third procedure with partition
but no special treatment of occluded porosity yielded an error four times
greater than that of the partitioned method that takes into account occluded
porosity. It can be seen from Table 1 that the main sources of error come from
the mistreatment of occluded porosities in the central partitions. The mistreat-
ment of occluded porosity is not only the source of errors in the estimation of
permeability, but it leads to longer calculations as occluded porosity is as-
signed active lattices. Hence, not accounting for occluded porosity may lead
to inaccuracies and inefficiencies.

Case 1 2 3
Number of Unit Cell(s) 1 4 4
Occluded Pore Identified? No Yes No
Local Permeability, 2 (top) N/A | 0.011 | 0.011

Local Permeability, #? (2nd top) N/A | 0.015 | 0.0029
Local Permeability, u? (2nd bottom) | N/A | 0.015 0.45
Local Permeability, u? (bottom) N/A | 0.014 | 0.014

Global Permeability, u? 0.015 | 0.013 | 0.0078
Relative Error 0 12% | 48 %

Table 1: Global and local permeabilities obtained from LB simulation scenar-
ios.
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3.2 Numerical Example 2: Verification against periodic simple
cubic (SC) lattice

Simple cubic (SC) cells can be formed by placing the centroid of eight identical
spheres at the corners of a cube of equal dimensions. When the spheres are
making point contact, it is often called SC bead pack [SSD95]. In this packing,
the total porosity is simply ¢/ = 1 — 71/6 and the geometrical tortuosity is
simply unity, as the shortest flow path is one directly though the center of the
cell. Furthermore, as in other simple packings, all porosity is connected.

Unlike micro-structural attributes. permeability of SC packings cannot be di-
rectly obtained using analytical techniques. Instead, numerical procedures
are often employed. The closest analytical solutions are furnished by bounds,
such as the lower bound obtained by Dormieux and co-workers [DKU06]
where pore spaces are ordered in the sense of inclusions and the perme-
ability of a cylinder with cross-section made up by four circles examined.
Since the cylindrical pore space is a subset of that of the SC cell, the per-
meability of the cylindrical pore space serves as a lower bound for that of
the SC cell. The lower bound can be expressed in dimensionless form as
k > 4.84 x 1073R?, where R is the radius of the spheres in the SC cell. Nat-
urally, the permeability tensor in the SC cell is isotropic. Additionally, Zick
and Homsy [ZH82] have analyzed the permeability of the SC bead pack by
reducing the Navier-Stokes equation to a set of Fredholm integral equations.
They found k = 5.04 x 1073R2.

Next, we calculate the effective permeability of the SC bead pack. Our first
task is to correctly identify the connected porosity in the sample. The pore
geometry is discretized in the usual way using a lattice mesh. The resolution
of the lattice, clearly affects the results of the computations. The center of
the pore space is selected as the first active lattice and porosity is determined
using the region-growing algorithm. Figure 4 shows the estimate of porosity
as a function of the lattice resolution. Once the voxel length is smaller that
R /50, the numerical solution closely captures the exact solution (1 — 77/6).

Using a resolution of R/50, the resultant level set function and the shortest
flow path are illustrated in Figure 5. As shown in the figure, in this simple
example the geometrical tortuosity is unity and Dijkstra’s algorithm is able
to obtain this result without any issues. Finally, turning our attention to the
effective permeability calculation, we obtain an estimate using lattice Boltz-
man at the aforementioned lattice resolution. In addition, we carried out a
three dimensional Navier-Stokes finite element simulation to examine the re-
producibility of the permeability calculation. The FE model is composed of
8937 tetrahedral Crouzeix-Raviat elements with non-periodic side walls ans
prescribed pressures on the top and bottom faces of the cubic domain. The
FE model was solved using an open-source differential solver called FEniCS
[LMW12].
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Figure 4: Connected porosity as a function of voxel length in a SC bead pack-
ing.

Figure 6 illustrates the results of the LB and FE simulations. The permeability
using LB and FE is estimated to be 4.64 x 1073R? and 4.89 x 10~3R?, respec-
tively. Since both methods are inherently different, and since the calculations
are close to the previous values of permeability estimated for SC packings, we
consider the 5.1% difference in solutions acceptable. We therefore conclude
that the proposed framework to estimate permeability based on level sets and
lattice Boltzmann is accurate.

4 Multiscale homogenization for bulk porous me-
dia

In this section, we describe the homogenization theory we adopt to estab-
lish the DEM-mixed-FEM coupling model for fully saturated porous media.
Previous work for dry granular materials, such as [MD04, MDZ10, NCDD11,
GZ14], has demonstrated that a hierarchical discrete-continuum coupling
model can be established by using grain-scale simulations to provide Gauss
point stress update for finite element simulations in a fully implicit scheme.
Nevertheless, the extension of this idea for partially or fully saturated porous
media has not been explored, to the best knowledge of the authors.

In this work, we hypothesize that the pore-fluid flow inside the pores is in the
laminar regime and is dominated by viscous forces such that Darcy’s law is
valid at the representative elementary volume level [SARE11, SAR11, SKR13].
Provided that this assumption is valid, we define the pore pressure field only
at the macroscopic level and neglect local fluctuation of the pore pressure at
the pore- and grain-scale.
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Figure 5: Level set function ¢(x,y,z) (represented by the 3D color contour)
and the corresponding shortest flow path (represented by the red straight line)
as determined by Dijkstra’s algorithm.

On the other hand, we abandon the usage of macroscopic constitutive law to
replicate the constitutive responses of the solid constituent. Instead, we ap-
ply the effective stress principle [TTE"43, GSP09, GMS13] and thus allow the
change of the macroscopic effective stress as a direct consequence of the com-
pression, deformation and shear resistance of the solid constituent inferred
from grain-scale simulations. As a result, the effective stress can be obtained
from homogenizing the forces and branch vectors of the force network formed
by the solid particles or aggregates, while the total stress becomes a partition
of the homogenized effective stress from the microscopic granular assemblies,
and the pore pressure from the macroscopic mixture continuum.

4.1 Dual-scale effective stress principle

In this study, we make assumptions that (1) a separation of scale exists and
that (2) a representative volume element (RVE) can be clearly defined. Strictly
speaking, the assumption (2) is true if the unit cell has a periodic microstruc-
ture or when the volume is sufficiently large such that it possesses statistically
homogeneous and ergodic properties [GAS07].

With the aforementioned assumptions in mind, we consider a homogenized
macroscopic solid skeleton continuum B° C R® whose displacement field is
C? continuous. Each position of the macroscopic solid body in the reference
configuration, i.e,, X = X° € B, is associated with a micro-structure of the
RVE size. Let us denote the trajectories of the macroscopic solid skeleton and
the fluid constituent in the saturated two-phase porous medium from the ref-
erence configuration to the current solid configuration as,

x=¢ (X,t) ; x=¢/(X/,1) (18)

Unless the porous medium is locally undrained, the solid and fluid con-
stituents are not bundled to move along the same trajectory, i.e., ¢°(-,t) #
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(@) (b)

Figure 6: (a) Streamline of the simple cubic lattice computed via Stokes finite
element model (k = 4.89 x 1073R?). (b) Velocity profile of the simple cubic
lattice obtained via lattice Boltzmann simulation conducted on connected pore
space (k = 4.64 x 1073R?).

@/ (-, t). If we choose to follow the macroscopic solid skeleton trajectory to
formulate the macroscopic balance principles, then the control volumes are
attached to solid skeleton only, and the pore fluid motion is described by rel-
ative movement between the fluid constituent and the solid matrix, as shown
in Fig. 7. The deformation gradient of the macroscopic solid constituent F can
therefore be written as,

Fe dp(X°,t)  op(X,t) ox

o 9X° 90X X

in which we omit the superscript s when quantities are referred to solid phase.

Now, following [MDO04], we associate each point in the current configuration

x with an aggregate of N particles inside the representative volume V. Fur-

thermore, we introduce a local coordinate system for the RVE in which the

position vector y € R3 becomes 0 at the geometric centroid of the RVE. The

locations of the centroids of the N particles expressed using the local coordi-
nate system read, i.e.,

(19)

y, €V, p=12.N. (20)

where y, is the local position vector of the center of the p-th particle in the
microstructure and x + y,, is the same position expressed in the macroscopic
current coordinate system. Particles inside the RVE may make contacts to each
other. The local position vector of each contact between each particle-pair y,
can be written as,

y. €V, c=12,..N.. (21)
Both the positions of the particles y, and that of the contacts y are gov-
erned by contact law and the equilibrium equations. Previous works, such as
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Figure 7: Trajectories of the solid and fluid constituents ¢° = ¢ and ¢/. The
motion ¢ conserves all the mass of the solid constituent, while the fluid may
enter or leave the body of the solid constituent. Figure reproduced from
[SOS13]

[CVWO04, ESZ05, HC11, GTSMW13, RRL14, CLCC14], have found success in
explicitly modeling the pore-scale grain-fluid interaction. Nevertheless, such
grain-fluid interaction simulations do impose a very high computational de-
mand due to the fact that the fluid flow typically requires at least an order
more of degree of freedoms to resolve the flow in the void space among par-
ticles. However, for seepage flow that is within the laminar regime where
Darcy’s law applies, the new insight obtained from the costly simulations will
be limited. As a result, this discrete-continuum coupling model does not ex-
plicitly model the pore-scale solid-fluid interaction. Instead, we rely on the hy-
pothesis that effective stress principle is valid for the specific boundary value
problems we considered. In particular, we make the following assumptions:

o The void space is always fully saturated with one type of fluid and there
is no capillary effect that leads to apparent cohesion of the solid skeleton.

e The flow in the void space remains Darcian at the macroscopic level.

o All particles in the granular assemblies are in contact with the neighbor-
ing particles.

e Fluidization, suffusion and erosion do not occur.

e Grain crushing does not occur.
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o There is no mass exchange between the fluid and solid constituents.

As a result, we may express the total macroscopic Cauchy stress as a function
of homogenized Cauchy effective stress inferred from DEM and the macro-
scopic pore pressure obtained from the mixed finite element, i.e.

o(x,t) =< o' (x,t) >rve —B(x, t)p/ (x, )1 (22)

where
Nc

< ‘Tl(x/t) >RVE= m
C

(ffel+I°ef9) (23)
f€ is the contact force and I is the branch vector, the vector that connects the
centroids of two grains forming the contact [CMNNS81, Bag96, SKR13], at the
grain contact x +y, € R®. Vryg is the volume of the RVE and N, is the total
number of particles in the RVE. Meanwhile, the Biot’s coefficient B reads,

KPP (1,1

B(x,t) =1— X,

(24)
with KPEM(x, ) and K, being the effective tangential bulk modulus of the
solid matrix inferred from DEM, and the bulk modulus of the solid grain
respectively [NB71, SWZP86]. Notice that, in the geotechnical engineering
and geomechanics literature, such as [Ng06, KRMK14], it is common to im-
pose incompressible volumetric constraint on dry DEM assembly to simulate
undrained condition at meso-scale. This treatment can be considered as a spe-
cial case of (24) when the bulk modulus of the solid grain is significantly
higher than that of the skeleton such that the Biot’s coefficient is approxi-
mately equal to one.

4.2 Micro-macro-transition for solid skeleton

In this study, we consider the class of two-phase porous media of which the
solid skeleton is composed of particles. These particles can be cohesion-less
or cohesive, but the assemblies they formed are assumed to be of particulate
nature and hence suitable for DEM simulations. [CS79].

In our implementation, the DEM simulations are conducted via YADE (Yet
Another Dynamic Engine [SCC*10]), an open source code base for discon-
tinua. These grain-scale DEM simulations are used as a replacement to the
macroscopic constitutive laws that relate strain measure with effective stress
measure for each RVE associated with a Gauss point in the macroscopic mixed
finite element. In particular, a velocity gradient is prescribed to move the
frame of the unit cell and the DEM will seek for the static equilibrium state via
dynamics relaxation method. After static equilibrium is achieved, the inter-
nal forces and branch vectors are used to compute the homogenized effective
Cauchy stress via the micro-macro transition theory [MD04, MDZ10, WLWO08].
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For completeness, we provide a brief overview of DEM, the procedure for gen-
eration of RVEs and the study on the size of RVEs in Appendix A,B and C.

The Hill-Mandel micro-heterogeneity condition demands that the power at
the microscopic scale must be equal to the the rate of work done measured
by the macroscopic effective stress and strain rate measures. For the solid
constituent of the two-phase porous media, this condition can be expressed
in terms of any power-conjugate effective stress and strain rate pair , such as
(P',F) and (§',E) and (¢/, D) [BA95, Arm99]. For instance, the condition can
be written in terms of the effective stress and rate of deformation of the solid
skeleton, i.e.,

<o >RvE : < D >ryp=< o :D >RVE (25)

where D is the rate of deformation, i.e., the symmetric part of the velocity
gradient tensor,

1
< D >ryg= §(< L >ryvg + < LT >RVE) ; L=V*v (26)

and < ¢’ >gyg is defined previously in (23). Previous studies, such as,
[MD04, WLW08, MDZ10, Fis13], have established that the linear deformation,
periodic, and uniform traction are three boundary conditions that satisfy the
Hill-Mandel micro-heterogeneity condition. In our implementation, we ap-
ply the periodic boundary condition to obtain the effective stress measure,
because the periodic boundary condition may yield responses that are softer
than those obtained from the linear deformation BC but stiffer than those ob-
tained from the uniform traction BC. In particular, the periodic boundary con-
dition enforces two constraints: (1) the periodicity of the deformation, i.e.,

[[yp]] =< F >rvE [[Y3]] and [[R,]] =0 (27)

where [[-]] denotes the jump across boundaries, y, and Y} represent the po-
sition vectors of the particles at the boundary of the reference and current
configurations, R, € SO(3) represents the rotation tensor of particles at the
boundary, and (2) the anti-periodicity of the force f, and moment on the
boundary of the RVE, i.e.,

[[fp)] = 0and [[(y. —y,) x fp]] =0 (28)

In YADE, the DEM code we employed for grain-scale simulations, the defor-
mation of an RVE is driven by a periodic cell box in which the macroscopic
velocity gradient of the unit cell < L >gyg can both be measured and pre-
scribed.

4.3 Multiscale hydro-mechanical model

The differential equations governing the isothermal saturated porous me-
dia in large deformation are derived based on the mixture theory, in which
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solid matrix and pore fluid are treated together as a multiphase continuum
[Pre82, BA95, Arm99, Cou04, SOS13, MNBT13]. The solid and fluid con-
stituents may simultaneously occupy fractions of the volume of the same ma-
terial point. The physical quantities of the mixture, such as density and total
stress, are spatially homogenized from its components. For example, the av-
eraged density of the fluid saturated soil mixture is defined as:

p=p"+pf = (1-¢)ps +pps (29)

where p* is the partial mass density of the « constituent and p, is the intrinsic
mass density of the a constituent, with ¢ being the porosity.

4.3.1 Balance of linear momentum

For the balance of linear momentum law in finite strain, we adopt the total La-
grangian formulation and choose the total second Piola-Kirchhoff stress (PK2)
S as the stress measure. The inertial effect is neglected. The equation takes the
form:

VX-(FS) +J(p° +p/)g =0 (30)

where the Jacobian | = det(F). The principle of effective stress postulates that
the total Cauchy stress ¢ can be decomposed into an effective stress due to
the solid skeleton deformation and an isotropic pore pressure (p/) stress. The
effective stress principle in terms of PK2 writes:

§=g/PPM _ jp-1pDEMf pp-T (31)
where N
1 [

§PM = JF e PME T P (=Y fol)F T 32

J J (VRVE ;f ) (32)

Thus the balance of linear momentum becomes:

VX (FSPEM — JBPEMTET) + ] (p* +pl)g = 0 (33)

4.3.2 Balance of fluid mass

The simplified u-p formulation in finite strain requires another equation illus-
trating the balance of mass for pore fluid constituent:

f
e A L e Y )] 69
Dt
where %H = [.] is the material time derivative with respect to the velocity of

solid skeleton v.
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We make isothermal and barotropic assumptions and suppose that pf <<

K, and that 2 %Df M~ 0. After simplifications [SOS13], the balance of mass

becomes:

BDEM p 1 Dpf 1 _
] o+ o FVEUET Mo~ =0 (39)

where K.K
MPEM _ S f (36)

~ K;(BDEM — ¢DEM) | K ¢DEM
is the Biot’s modulus [NB71], with K¢ being the bulk modulus of pore fluid.

In this paper, Darcy’s constitutive law relating the relative flow and the pore
pressure is employed, neglecting the inertial effect:

Q = KPM. (= V¥ pl 4 psFl-g) (37)
where the pull-back permeability tensor KPEM is defined as
KPEM _ jp-1. (DEM  p-T (38)
Assume that the effective permeability tensor kPFM is isotropic, i.e.,
KDEM _ [ DEM (39)

where kPEM is the scalar effective permeability in unit of %25 It is updated
from porosity of DEM RVEs according to the Kozeny-Carmen equation.

4.4 Numerical Example 1: Globally undrained shear test of
dense and loose assemblies

For the second example we employ our multiscale scheme to perform shear
tests on both dense and loose granular assemblies. The macroscopic geome-
try and boundary conditions are illustrated on a sample discretized by coarse
mesh (1x5x5 in X,Y,Z directions) as Fig. 8. We also use a medium fine mesh
(1x8x8) and a fine mesh (1x10x10) to investigate the mesh dependency is-
sue of the proposed scheme. All results in this section are computed from
the fine mesh model, if not specified. The nodes on the bottom boundary are
fixed in all directions and those on the upper boundary are translated identi-
cally towards the positive y axis at a constant rate. They are maintained at a
constant vertical stress 0, = 100kPa by a horizontal rigid layer (not shown).
This constraint is imposed in the model by the Lagrange multiplier method.
The lateral surfaces are constrained by frictionless rigid walls (not shown).
All surfaces are impervious. The gravitational effect is not considered in this
study. For coupled microscopic DEM models, periodic unit cells composed
of uniform spheres are prepared by an isotropic compression engine in YADE
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Figure 8: Geometry and boundary conditions for globally undrained shear
test

up to 0j5, = 100kPa with initial porosity of 0.375 and 0.427 for dense and loose
assemblies respectively, and then are assigned identically to all the integration
points of the FEM model before shearing.

The finite strain formulation is first adopted to study the hydro-mechanical
coupling effect during the shearing of the dense and loose samples with
undrained boundaries. The material parameters used in the simulations al-
lowing hydraulic diffusion within the specimen are presented in Table 2.
They are categorized into micromechanical material parameters used in DEM
solver, poro and poro-plasticity parameters derived from DEM RVEs and
macroscopic properties set in FEM. Note that the permeability k is updated
with porosity of RVEs using the Kozeny-Carman relation during the simula-
tion. To prevent local seepage of water within the samples, the permeability k
is set to 0 m?/(Pa - 5).

Fig. 9 represents the global shear stress and volumetric strain behavior
of shear simulations with and without local seepage of water. The strain-
hardening behavior of undrained dense granular assemblies (left column) and
strain-softening behavior of undrained loose granular assemblies (right col-
umn) are recovered [YIV98]. In both assemblies, when local seepage is pro-
hibited, the shear stress immediately rises when the shearing begins and the
saturated porous media behaves stiffer than the samples with local seepage.
Note that the sudden drop in Fig. 9(b) is due to the unstable solid matrix of
loosely confined DEM unit cell. The volumetric strain of the dense sample
with seepage monotonically increases. This phenomenon is attributed to the
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Parameter Value
Microscopic property Solid grain normal stiffness k;, 22 x10°N/m
in DEM Solid grain tangential stiffness k; 1.9 x 10° N/m
Solid grain friction angle 30°
Solid grain bulk modulus K 0.33 GPa
Macroscopic property Porosity ¢ dense: 0.375, loose: 0.427
inferred from DEM Biot’s coefficient B dense: 0.976, loose: 0.983
Biot’s Modulus M dense: 180 Mpa, loose: 168 Mpa
Macroscopic property Fluid bulk modulus K¢ 0.1 GPa
in FEM Initial permeability k 1x107° m?/(Pa - s)
Solid density ps 2700 kg /m?®
Fluid density p; 1000 kg /m3

Table 2: Material parameters in globally undrained shear problem

rearrangement of solid matrix as the grains tend to rise over adjacent grains
when they are driven by shear forces. In absence of local diffusion, the dense
sample experiences a reduction of volume instead, suggesting that the com-
pression of overall solid matrix predominates the above phenomenon. As
for loose samples, however, the volumetric behavior is opposite. When local
diffusion of water is prohibited, the pore collapse and densification of local
regions within specimen could occur, resulting in a compression at early stage
of shearing before the dilatancy phenomenon. The curve of no-local-seepage
case shows that the dilatancy phenomenon prevails all along the shearing. In
all cases, the volume changes are beneath 0.12%, confirming that the samples
are indeed sheared under globally undrained condition.

We examine the mesh dependency by three aforementioned mesh densities
adopted in simulations of dense assembly with local seepage. The effect is
presented via plots of global 0y; — 7y, and &, — 7y, responses as Fig. 10. For
stress response, discrepancy between medium and fine meshes is not signif-
icant, but coarse mesh apparently yields stiffer solution after 2% shear strain
and the maximum deviation is about 7.6% with respect to the fine mesh solu-
tion. The differences between ¢, curves are less significant and do not exceed
4% of the fine mesh solution. Thus, our choice of the fine mesh to conduct
numerical experiments is acceptable.

We next display the difference between the finite-strain and small-strain mul-
tiscale schemes in simulations of dense granular sample in both local diffu-
sion conditions in Fig. 11. According to the global shear responses, the small
strain and finite strain yield consistent solutions within 2% shear strain. Then
the discrepancy gradually emerges and the introduction of geometrical non-
linearity renders the sample stiffer. This observation is the same as the conclu-
sion in the previous Terzaghi’s problem section. Finite strain solutions exhibit
less volume changes in both cases. Moreover, geometrical non-linear term
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Figure 9: Comparison of global shear stress and volumetric strain behavior be-

tween globally undrained dense and loose assemblies with and without local
diffusion

even alters the dilatancy behavior: the sample is computed to be compressed
when no local seepage of water is allowed, while the small strain solution
conserves the dilatant trend.

We also assess the local diffusion effect via color maps of pore pressure de-
veloped during the deformation, as shown in Fig. 12. The dense sample with
local seepage has developed negative pore pressure and the pressure distri-
bution is nearly uniform, since fluid flow could take place inside the spec-
imen to dissipate pressure difference between neighboring pores. Without
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Figure 10: Comparison of global shear stress and global volumetric strain
behavior between coarse mesh (1x5x5), medium mesh (1x8x8), fine mesh
(1x10x10), finite strain formulation

local seepage of water, the pore pressure is concentrated to four corners of the
sample, with the upper left and bottom right corners compressed (positive
pressure) and the other two dilated (negative pressure). Furthermore, these
corners have maximum pressure gradient ||V p/||.

The multiscale nature of our method offers more insight into the local states
of granular sample. With the granular material behavior homogenized from
responses of RVEs, the grain displacements, the effective stress paths (shear
stress ¢ = 01 — 03 vs. effective mean stress p’ = W) and the volumetric
strain paths (g, vs. p’) in each DEM unit cell are directly accessible. As an ex-
ample, the local distribution of g at the end of shearing for globally undrained
yet locally diffused dense sample (13) shows a concentration of shear stress in
upper left and bottom right corners, while the corners correspondent to the
other diagonal sustain comparably very little shear stress. The deformed con-
figuration of spheres in three representative RVEs are colored according to the

dimensionless displacement magnitude — Al compared to initial

inital size of unit cell pared to initia
RVE configuration. We present stress paths of these three RVEs providing ev-
idence that strain-softening (Fig. 14(a)), limited strain-softening (Fig. 14(b))
and strain-hardening (Fig. 14(c)) could locally occur in a dense sample which
globally behaves in a strain-hardening manner. A critical state line ¢ = #p’ is
drawn for three stress paths and the value of slope # is identified as 1.16. # and

the Mohr-Coulomb friction angle ' is computed to be 29.1° by the following
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Figure 11: Comparison of global shear stress and global volumetric strain
behavior between small strain and finite strain formulation. Left: globally
undrained with local diffusion condition, Right: globally undrained but with-
out local diffusion condition

relation for cohesionless soil [Wo090]:

. 37
sinf/ = —— 40
inp = =L (40)
, which is close to the inter-particle friction angle f = 30°. Paths of ¢, further
demonstrate that large local volume change up to 5.5% is possible even glob-
ally the sample is only dilated about 0.07%. According to these figures, the
small strain and finite strain shear responses are almost identical. The stress
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Figure 12: Comparison of pore pressure at 10% shear strain between (a) dense
sample with local seepage and (b) dense sample without local seepage

path curves exhibit little difference. However, geometrical non-linearity has
more significant effect on volumetric strain path. A major remark is that, in-
side the strain-softening spot as 14(d), the small strain solution has large fluc-
tuation when the mean effective stress is very small, because DEM assemblies
are highly unstable with nearly zero confining stress. On the contrary, finite
strain scheme avoids this unstable regime and yield smooth solutions.
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Figure 13: Spatial distribution of shear stress g at 10% shear strain for globally
undrained dense sample allowing seepage within the specimen, attached with
displacement magnitude of grains in unit cells (normalized by the initial cell
size)

Lastly, we investigate the rate-dependent shearing behavior using the pro-
posed coupling scheme. A faster shearing of saturated granular sample in-
fluences its mechanical response mainly by speeding up the solid matrix re-
arrangement and also by allowing less fluid diffusion inside the sample be-
tween loading steps. The former effect leads to swelling of the sample, while
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Figure 14: Shear stress vs. effective mean stress at different locations indexed
as Fig. 13: (b) stress path at point 1 (c) stress path at point 2 (d) stress path at
point 3; Volumetric strain vs. effective mean stress at different locations: (e)
volume path at point 1 (f) volume path at point 2 (g) volume path at point 3

the latter renders the specimen more locally undrained. Fig.15 illustrates the
combined effect of these two mechanisms on a dense sample with local seep-
age. The evolution of shear stress and volumetric strain with shearing rates of
0.1% and 0.5% per second are compared. When shearing is completed, shear
stress sustained by the sample increases about 4.6% under higher shearing

ALERT Doctoral School 2020



Sun 215

rate. The rate effect on volumetric strain is more prominent, by the fact that
the sample experiences more volume expansion of about 13.5% at the end.
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Figure 15: Comparison of global shear stress and global volumetric strain be-
havior between low loading rate (0.1% shear strain per second) and high load-
ing rate (0.5% shear strain per second), finite strain formulation

4.5 Numerical Example 2: Globally drained triaxial compres-
sion test

The third example consists of the globally drained triaxial compression test
on an isotropically consolidated cylindrical specimen. This example demon-
strates the applicability of the proposed multiscale finite strain scheme on 3D
problems. In this numerical example, we analyze (1) the difference between
quarter-domain and full-domain simulations for material subjected to axial-
symmetrical loading, (2) the consequence of the build-up of excess pore pres-
sure due to a high loading rate and (3) the evolution of the fabric tensor inside
and outside the shear band and the implications on the critical state of the ma-
terials. As a result, water is allowed to flow through the bottom and the top of
the specimen. However, triaxial compression simulation is intentionally not
conducted under a fully drained condition at a material point level. Instead,
the rate dependence of the constitutive responses introduced via the hydro-
mechanical coupling effect is studied to quantify what is the acceptable range
of the prescribed loading rate that can prevent significant amount of excess
pore pressure.

In addition, microscopic information such as the Biot’s coefficient, Biot’s mod-
ulus and micro-structure fabric are provided to highlight the advantage of the
DEM-FEM coupled model. The convergence profile of this simulation is also
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presented. In an experimental setting, the drained triaxial test is performed
on a cylindrical water-saturated soil specimen, laterally enveloped by rubber
membrane and drained through top and bottom surfaces. One of the idealized
3D numerical model constitutes only a quarter of the cylinder by assuming
the rotational symmetry. The constant confining pressure is directly applied
on the lateral surface, neglecting the effect of rubber membrane. The quasi-
static compression is achieved by gradually increasing the axial strain ¢, at
the rate of 0.05% per second. The lateral surface is impermeable and a no-flux
boundary condition is imposed, while the pore water pressure on both top and
bottom surfaces are constrained to be 0. Another simulation is triaxial com-
pression of the full cylindrical domain. Similar confining pressure and pore
pressure boundary conditions are applied. The middle point of the bottom
surface is fixed to prohibit rigid body translation. The geometry, mesh and
boundary conditions of the quarter-/full-domain simulations are illustrated
in Fig. 16. The DEM assembly adopted in these simulations is identical to the
dense sample in the previous section. The fluid bulk modulus in this example
is 2.2 GPa.

£ =0.05%/s p/ =0 £,=0.05%/s »/ =0

uy =0

15.4mm vp/n=0 vp/-n=0
15.4mm o2
Confining pressure

100 kPa
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x Tr=42mm

¢

u,=0 pf=0 u,=0 pf=o0

(a) (b)

Figure 16: Geometry, mesh and boundary conditions for globally drained tri-
axial compression test. (a) Quarter-domain simulation. (b) Full-domain simu-
lation

Fig. 17 compares the global shear stress and volumetric strain behavior from
quarter-domain and full domain simulations. The shear stress curve ob-
tained from full-domain simulation exhibits less peak stress and more signifi-
cant softening than quarter-domain simulation. The volumetric strain curves,
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however, only show notable difference after the axial strain approaches 7%.
This discrepancy may be attributed to the strain localization in full-domain
simulation, as shown by the distribution of deviatoric strain and porosity in
Fig. 18. A dilatant shear band is developed inside the cylindrical specimen,
while in the quarter-domain, the deformation is nearly homogeneous. This
difference is more profound given the fact that the proposed model also incor-
porates the geometrical effect at the finite strain range. Results from this set of
simulations show that the quarter-domain simulation is insufficient to capture
the deformed configuration when bifurcation occurs. While the assumption of
axial-symmetry is valid before the onset of strain localization, enforcing axial-
symmetry via reduced domain and additional essential boundary condition
may eliminate the bifurcation mode(s) that is not axial-symmetric.
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Figure 17: Global shear stress and volumetric strain behavior in globally
drained triaxial compression test. Comparison of quarter-domain and full-
domain simulations

An additional full-domain simulation is performed at a strain rate ten times
slower: €, = 0.005% per second. The global shear stress and volumetric strain
behavior are compared for the two loading rates in Fig. 19. The specimen
under higher strain rate can sustain higher shear stress, but the strain rate
has very little influence on volumetric strain behavior. The evolution of pore
pressure at the center of the cylindrical specimen in two cases are also shown
in Fig. 20. At a high strain rate, the pore water does not have time to fully
diffuse through local pores and reach steady state. As a result, excess pore
pressure builds up to about 5 kPa while the specimen shrinks. The pressure
then decreases and becomes negative when the specimen dilates. In the low-
strain-rate case, the magnitude of pore pressure is about five times smaller
while the trend looks similar of the high-strain-rate counterpart.

One of the advantages of substituting macroscopic phenomenological consti-
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Figure 18: Distribution of deviatoric strain and porosity in globally drained
triaxial compression test at 9% axial strain. Comparison of quarter-domain
and full-domain simulations.

tutive model with DEM simulations for the poromechanics problem is that
the macroscopic poro-elasticity properties, such as Biot’s coefficient B, Biot’s
modulus M and effective permeability k could be inferred and updated from
DEM at each Gauss point. As a result, the spatial variability of these poro-
elasticity parameters triggered by material bifurcation or non-homogeneous
loading can be properly captured. As an example, we monitor the evolution
of these poro-elasticity parameters against axial strain €, for a RVE inside the
shear band (RVE A, shown in Fig. 18(c)) and another RVE outside the shear
band (RVE B, shown in Fig. 18(c)) in the €, = 0.05%-per-second, full-domain
simulation (Fig. 21). The evolution of the Biot’s coefficient B shown in Fig.
21)(a) suggests that the effective bulk modulus of the solid skeleton (K?EM)
first increases and then decreases presumably due to the porosity changes in
both RVEs A and B. The Biot’s modulus M, which is related to the Biot’s coeffi-
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Figure 19: Global shear stress and volumetric strain behavior in globally
drained triaxial compression test. Comparison of two loading rate.
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Figure 20: Evolution of pore pressure at the center of the cylindrical specimen
during triaxial compression test subjected to two loading rate.

cient B and porosity ¢, exhibits an initial reduction and largely increases after
about e; = 2% for RVE A. For RVE B, M stays at a constant value. The effective
permeability k also evolves with the porosity according to the Kozeny-Carmen
relation.

Another advantage of the multiscale scheme is the accessibility to evolution
of micro-structures during deformations. To demonstrate this, we perform a
simple microstructural analysis in which the Anisotropic Critical State Theory
(ACST) introduced by [LD12, ZG13, LD15] is adopted to analyze the fabric of
the fluid-saturated granular assemblies at the finite strain range. The fabric
anisotropy of two RVEs, one taken inside the shear band (RVE A) and another

ALERT Doctoral School 2020



220 Upscaling lattice Boltzmann and discrete element simulations for porous media

S
1 530 11X10

525
0.98| O SO L i =10
vﬁw T 520 z
o 5 =
5096 =515 E 9
] ] =
£ 2510 >
8 K] s 3
£094 2 505 2 8
2 - I N U
o ° £ K
@ 500 T
0.92 S
---RVE A 495 ---RVEA ---RVE Al
—RVEB . —RVEB —RVEB
% 2 4 6 8 o 2 4 6 8 0 2 4 6 8
Axial strain [%] Axial strain [%] Axial strain [%]
(a) (b) (0

Figure 21: Evolution of (a) Biot’s coefficient, (b) Biot’s modulus and (c) effec-
tive permeability for RVE A (inside shear band, Fig. 18(c)) and RVE B (outside
shear band, Fig. 18(c)).

one in the host matrix (RVE B) are analyzed and compared against each other.
The fabric tensor Gy, is contact-normal-based and is computed from a DEM
RVE via [LD15]

1
Gtabric ij = ~ ), NN} (41)

where n° is the unit vector of contact normal and N is the number of contacts
inside the RVE. The tensor Fg,,i. characterizes the fabric anisotropy of the
RVE and is written as [ZG13]

15 1
Frabric ij = = (Gfabric ij — 30j) (42)

where J;; is the Kronecker delta. Its norm Fppyic and direction nr are defined

by
Feabric = FrabricF, - Frabric = v/ Frabric © Frabric (43)

To analyze whether and how fabric evolves differently inside shear band and
the host matrix, we compute the normalized fabric anisotropy variable (FAV)
A = nr : n; (a measure introduced in [LD12, ZG13] that quantifies the relative
orientation of the tensor Fy,.. and the deviatoric stress tensor s) for RVE A
(inside shear band) and RVE B (outside shear band). The evolution of devia-
toric stress g and porosity against axial strain €, are also monitored to measure
how close the materials in the two RVEs reach the critical state according to
the anisotropic critical state theory, i.e.,

N="n,e=e==¢(p)andA=A.=1 (44)

where 7 is the ratio between the effective mean pressure p’ and the deviatoric
stress g and e is the void ratio. %, e = é.(p) and A. = 1 are critical state values
of the stress ratio, void ratio and fabric anisotropy variable (cf. [LD12, LD15]).
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The results are summarized in Fig. 22. The stress-strain response shown in
Fig. 22(a) indicates that RVE A becomes unstable after the peak shear stress
and experiences significant dilation until the critical state indicated by the
plateau in the porosity curve. The normalized FAV of RVE A rises to about
0.96 quickly upon subjected to the triaxial loading. Then, normalized FAV
stay close to 1, which indicates that the fabric and stress directions in RVE A
is nearly coaxial, as the RVE A approaches the critical state.

On the other hand, RVE B, which lies outside the shear band, experiences
slightly more softening, but the dilatancy is much less than RVE A. The FAV
curve of RVE B deviates from the curve of RVE A after axial strain of 2% and
exhibits opposite trend that the fabric and stress directions loss coaxiality. This
observation suggests that the critical states are not achieved simultaneously
within an specimen that forms deformation band.
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Figure 22: Evolution of (a) deviatoric stress g (b) porosity (c) A = nr : n, (rel-
ative orientation between anisotropic fabric and deviatoric stress directions)
during triaxial compression test (¢, = 0.05%/s) for RVE A (inside shear band,
Fig. 18(c)) and RVE B (outside shear band, Fig. 18(c)).

To demonstrate the performance of the multiscale semi-implicit scheme, the
convergence rate of the quarter-domain simulation is illustrated in Fig. 23 as
an example. At different strain levels, the convergence curves show linear
profiles in the logarithm-scale plot. The first step converges the fastest since
the RVEs are linear elastic at e, = 0.1%.

The number of iterations required for convergence increases to 11 when the
global shear stress reaches the peak (about e, = 2%). In the softening stage,
the explicitly treated the elastic-plastic contribution K*” to the material tan-
gential stiffness becomes more significant. Therefore the convergence rate is
further reduced and each time step requires about 20 iterations.
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Figure 23: Convergence profiles of the triaxial compression test at different

axial strain levels. The relative error is defined as %, where AF! is the

residual force at the iteration step i. The convergence is reached when the
error falls below 1074,

5 Multiscale homogenization for embedded dis-
continuities

Here we present the procedure to obtain the hydro-mechanical constitutive
updates for embedded strong discontinuity from microscale simulations on
RVEs nested inside the material interfaces. The computational homogeniza-
tion schemes of single-physics material layers have been explored in a num-
ber of previous studies [HRSS09, CKBG12, BKC" 14, WS18]. For instance,
[HRSS09] have introduced a procedure to generate an effective cohesive zone
law for a single interface from microscale RVE. In those studies, F E2 simu-
lations with interface elements are used as the test bed. [CKBG12, BKC14]
establish a multi-scale approach for RVE (or Microstructural Volume Element
as introduced in the literature) having localized zones and proposed a new
generalized periodic boundary condition. The overall macro-homogeneous
deformation is applied to the MVE and the stress and displacement jump are
homogenized. The local equation to be solved is the consistency between the
macro displacement jump and the homogenized displacement jump in the
RVE, instead of the traction continuity equation. [TSH" 14, TSP*16] proposed
multiscale model at regular points (MMRp) and singular points (MMSp).
It has been successfully used in enhanced strain finite element simulations
[OCR™15]. In this study, the RVEs of discrete elements describe the underly-
ing microstructures inside the discontinuity interface. Based on the effective
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stress principle, the mechanical and hydraulic constitutive laws are obtained
separately from two types microscale simulations, i.e. the grain-scale DEM
simulation and the pore-scale LBM simulation, as explained in [SKR13] and
[WS16]. In other words, the effective traction and the interfacial permeabil-
ity (and hence the interfacial Darcy’s velocity) are both obtained from the
same deformed configuration. However, the deformed configuration is not
obtained from LBM-DEM simulations but from DEM simulations that gener-
ate the admissible boundary conditions by assuming the validity of the effec-
tive stress principle. The major advantage of this approach is two-fold. First,
the calculations of the interfacial permeability are much faster. This is due to
the fact that the de-coupled permeability calculation can be conducted offline
such that the trained and validated neural network can be used to replace
the costly LB simulations). The second advantage is the simplicity. As the
effective stress approach does not require the introduction of particle-scale
hydro-mechanical force and any treatment to update the fluid-solid bound-
ary at pore scale. Nevertheless, it should be noted that the validity of this
split approach is designed for the case in which the effective stress principle is
applicable for the dual-permeability system. In many situations that involve
particle erosion [GTSMW15, TPF*17], soil liquefaction [ESA14], or solid-fluid
mixture with non-Darcy flow or high Reynold’s number, such a simplification
may lead to significant errors. In such cases, one must derive the correspond-
ing Hill-Mandel condition for the multi-physical poromechanics problems to
obtain the admissible boundary conditions and apply them to the DEM-LBM
model or use direct numerical simulation (DNS) to capture the multi-physical
problems.

The homogenization procedure of mechanical constitutive law for interface
is an extension of the approach described in [HRSS09] to particle assembly
using the theory in [MD04, MDZ10]. Consider a domain at the continuum
scale discretized by a finite element mesh with enhanced assumed strain or
extended finite element to capture the displacement jump kinematics 24.

Fy=F+[u], ® nér, +[uly, ®msr,,

Ty, Tr,

Figure 24: discrete element-informed interface constitutive responses.

At a material point across the interface, there exists a cubic sampled assem-
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bly of discrete particles representing the granular material inside the strong
discontinuity (Fig. 25). The body force is negligible at micro-scale. This RVE
of domain ), and boundary 9Q), has an initial height of 1% and is associated
with a coordinate system with basis vectors M, and N,. Choose the geomet-
ric center as the origin and place the RVE in alignment with the normal and
tangential directions of the strong discontinuity I in the reference configura-
tion (Ny = N, My, = M). The current position x}, of a center of a particle is
related to its position X3, in the reference configuration via the deformation

map ¢,. The local deformation gradient F;, = 5XC The volume average of F,
is given as:

1 Npound c c

1
where V; is the initial volume of the RVE. Afis the surface vector of dQ),, asso-
ciated with the particle i and Np,,,,4 is the number of particles on d();,. Assum-
ing rigid particles, the motion of a particle material point can be decomposed
to the motion of the particle center and the particle rotation, i.e.,

xy:xli—l—Ry-(XH—X;); x;: <Py>~X;+wc, (46)

where w, is the particle center displacement fluctuation and R, € SO(3) de-
scribes the particle rotation.

The overall effective Piola stress is given by the volume average

<P/ > _ i/ P/ de i Nfi” fcont Lcont f:”d fext XC)'
- - 17
g VO QI‘ V cont i V "
(47)

font. L™ s the initial

where fw"t is the contact force at the grain contact x
branch Vector the vector that connects the centroids of two grains forming the
contact. Neont is the total number of particles contacts in the RVE. ( f‘?"t)

the external support force acting on the boundary particle i. The transmon be-
tween the summation involving contact forces and the summation involving
external support forces is ensured by the equilibrium of the RVE of particles.

The volume average of the virtual power in the RVE is given by
, X , 1 Nbound oxt :
(P, 1 Fy) = Vo/ P, FdeP_— Z (Fi)is (x) (48)

The Hill-Mandel micro-heterogeneity condition requires the volume average
of the virtual power in the RVE to equal the virtual power done by the volume
averages of power-conjugate stress and deformation measures:

(P« Fy) = (Py) : (Fp). (49)
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Since the constitutive behavior of the RVE is homogenized to a traction-
separation law on the interface, the Hill-Mandel condition is recast into the
form involving power-conjugate effective traction and displacement jump
measures _

ho(Py,: Fy) = (Tr) - %, [u] = () - [U]. (50)

For the transition between the macro-scale kinematics of the strong discon-
tinuity and the deformation of the micro-scale RVE, the volume average of
deformation gradient is defined as

(Fu) =T+ hio [u] ®N. (51)
M

The effective nominal traction (T}) averaged in the RVE representing the in-
terface is given by:
(Tr) = (Py) - N. (52)

Among the admissible boundary conditions fulfilling the Hill-Mandel micro-
heterogeneity condition, we adopt the periodic boundary conditions, where
for a pair of particles on opposite boundaries 0V and 9V, the periodicity
enforces the periodicity of fluctuations and rotations

w, =w!, R, =Ry, (53)

and the anti-periodicity of support forces and couples
a; = —af, m; =-m, (54)

where a. is the opposite of the resultant force on the boundary particle exerted
by other particles, m, is the opposite of the resultant couple about the center
X on the boundary particle.

5.1 Offline incremental data-driven hydraulic responses for
strong discontinuities

The homogenization procedure used to obtain the effective permeability from
a microstructure RVE has been previously studied in [DOS06, OSDKLO07,
SAR11, SKR13]. Here we apply the same procedure to obtain the homog-
enized effective permeability of the embedded strong discontinuities. As-
sume that the separation of the spatial length scale is valid, one may use the
Hill-Mandel lemma corresponding to Darcy’s flow problem to determine the
admissible boundary condition for the flow problems. Recall that the Hill-
Mandel lemma requires that

(Vipm - dpy)x = (V¥ pM)x - (dp)x (55)
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where (-) is the spatial volume averaged operator.

As shown in [DOS06] and [OSDKL07], this can lead to a number of admissible
boundary conditions. For instance, one may either prescribe flux or pore pres-
sure gradient in two opposite faces of the RVEs. One interesting aspect found
in previous works (cf. [DOS06, SAR11, SKR13, KSW15]) is that the choice of
the boundary condition does not affect the effective permeability once the size
of the RVE is sufficiently large. We follow the treatment in [dB17] and assume
that there is no pore pressure jump across the interface, whereas discontinu-
ous mass flux is admissible.

The effective permeability tensor of a RVE can be determined via inverse fluid
flow problem performed on the deformed RVE subjected to prescribed load-
ing paths. The Eulerian fluid flux vector g within the RVE is computed when
subjected to Eulerian pressure gradient V¥ p, and the macro-pore effective

permeability kX, is determined by Darcy’s law
1
Iy =~ kive VP (56)

u is the dynamic viscosity of the fluid. We assume that the normal and tan-
gential directions of the interface are also the principal directions of the macro-
pore effective permeability tensors. Thus, we need only two hydraulic simu-
lations to determine the permeability values normal and tangential to the in-
terface, denoted as k! and k%!, respectively. Thus the permeability tensor is
expressed as

¥y =Mnon+kMm o m, (57)

wheren = F-Nandm = F | - M. We choose the lattice Boltzmann (LB)
method to solve the inverse fluid flow problem. For brevity, we omit the de-
scription of the LB method. Interested readers are referred to [SARE11, SKR13]
and [KSW15] for details. The LB code used in this study is a C++ open source
code called Palabos [DBBM10]. The procedure to obtain the two normal and
tangential components is as follows. We first record the positions of all grains
in the deformed microstructural assembly at different strain levels. As the
size of each grain is known, the configuration of the pore space can be recon-
structed and subsequently converted into binary images (cf. [SKR13]). Then,
pore pressure difference is imposed on two opposite sides orthogonal to the
flow direction and no-flow boundary conditions are applied on the four re-
maining side faces. This setting leads to a macroscopic pressure gradient. As
the lattice Boltzmann flow simulation reaches steady state, the resultant fluid
flow velocity is computed and the permeability value is derived via Darcy’s
law (Fig. 25). Fig. 28 illustrates an example computation of permeabilities
from LBM. The RVE is subjected to various displacement loading paths with
loading-unloading cycles. The evolution of normal and tangential permeabil-
ities predicted by the neural network are presented and are compared to the
empirical Kozeny-Carman equation.
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Figure 25: Initial and deformed configurations of the particle assembly repre-
senting the granular materials inside strong discontinuity. The effective per-
meabilities in the normal and tangential directions are determined by Lattice-
Boltzmann simulations on representative volume of current particle assembly.

The numerical solutions of Stokes equations using Lattice-Boltzmann method
yield accurate results, especially in the low Reynold number regime, but re-
quire significant computational resources to resolve the flow field at pore
space. To achieve a reasonable accuracy, the number of degree of freedoms
required to obtain the effective permeability is at least a few orders more than
those used in discrete element simulations [SKR13] Thus, querying the effec-
tive permeability tensor from LBM simulations from each RVE for all incre-
mental steps during a multiscale simulation is computationally expensive. In
this work, we resort to a deep learning approach to predict the effective per-
meability for each incremental step. The design, training, and testing of the
LSTM network on path-dependent material constitutive laws are detailed in a
separate and dedicated work (cf. [WS18]). For completeness, a brief overview
is provided.

First, a database containing the prescribed displacement jump loading paths,
porosity and associated computed permeabilities is established by running
multiple LBM simulations on deformed discrete element RVEs. Then, a recur-
rent neural network consisting of Long-Short-Term-Memory (LSTM) layers
(see Figure 26) is trained using the database generated by LBM simulations
[HS97, WS17]. In a nutshell, the training process attempts to minimize an ob-
jective function by adjusting the weights of each neuron in the layers through
a back-propagation process. The LSTM approach is different than the tradi-
tional feed-forward neural network proposed by [GPZHA98] and [LS02] in
the sense that (1) the LSTM neuron (see Figure 27) has the capacity to use in-
ternal memory to process history and sequence and hence ideal for predictions
for path-dependent materials, (2) the LSTM networks are designed to avoid a
problem called vanishing or exploding gradient problems that may otherwise
lead to issues during the training process.
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Figure 26: The recurrent neural network used to predict the permeability of
the interface.
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Figure 27: A LSTM block with input, output and forget gates.

Finally, in each incremental update of the multiscale strong discontinuity
simulation, the updated effective permeability components are generated by
propagating signals from the input layer of the recurrent neural network to
the output layers. In this particular case, the current displacement jumps and
porosity are used as the input and the principal values and the spectral direc-
tions of the effective permeability tensor are the output of the recurrent neural
network. One important upshot of this approach is that the querying time is
largely reduced, as the deep learning permeability model typically requires
only few seconds to make predictions.

5.2 Numerical Example: Reactivation of faults

This example analyzes the slip of a pre-existing and formerly stable fault in
saturated soil triggered by the injection of water at a nearby location. The
idealized problem geometry and boundary conditions are shown in Fig. 29.
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Figure 28: Example of permeability data generated from LBM simulations on
RVEs undergoing loading-unloading sequences. (a) loading path of the nor-
mal Un and tangential displacement jumps Us. (b) Comparison between the
normal kn and tangential ks permeability data from LBM simulations and the
permeability components from predictions of LSTM neural network model.

2
The calculation from empirical Kozeny-Carman equation k = % m(fW (dso =
1mm) is shown for comparison.

The dimensions of the 2D field of saturated porous media are 10 m x 10 m.
The domain is constrained in the x-direction on the left boundary and in the
y-direction on the bottom boundary. A foundation has been constructed on
top of the domain, generating a uniform loading pressure of 10 MPa. A lateral
confining pressure of 5 MPa is applied on the right boundary for the frictional
porous media to sustain the vertical load. There exists a 45-degree fault under
the foundation. The entire system is stable and has been in equilibrium for a
long time since the construction of the foundation, thus the excess pore pres-
sures in both fractures and host matrix are zero. The initial effective stress of
the porous solid is hence

' -5 0
UInit = |: 0 _10:| MPa, (58)
Xy
where the subscript xy refers to the coordinate system {x,y} depicted in Fig.
29.

The DEM RVEs characterizing the traction-separation law of the fault are
placed in alignment with the strong discontinuity. They must be in the ini-
tial stress state consistent to the macroscopic boundary conditions. From the
initial stress state of the macro-scale problem (Eq. 58) and via a coordinate
transformation (™" = RT . o R), the initial stress tensor of the DEM as-
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Figure 29: Geometry of fault reactivation problem and boundary conditions.
Red line represents the pre-existing fault.

semblies is expressed as

' -75 25
UmitRVE = | o5 _75

} MPa, (59)
mn

where the subscript mn refers to the rotated frame {m, n} for the fault depicted
in Fig. 29. The initial DEM RVEs in this stress state provide the correct amount
of initial shear and normal tractions along the strong discontinuity.

In this example, the particle contact model for DEM is frictional and with-
out cohesion. The normal and tangential permeabilities are obtained from
machine learning models trained with LBM simulation data. The bulk mate-
rial is idealized as isotropic hyperelastic material. The permeability tensors
in macro- and micro-pores of the bulk are assumed isotropic and evolve ac-
cording to the Kozeny-Carman equation. The material parameters used in the
numerical example are summarized in [WS19].

Water is injected to the macropore space (pre-existing fractures) of the field
through the source S located at the center of the domain. The macropore
pressure is zero on the top surface and the other three surfaces are no-flow
boundaries. There is no drainage boundary for micropore pressure. This flow
boundary condition is to suppress spurious micropore pressure oscillations
near the drainage boundary [CB15]. The prescribed time history of Darcy ve-
locity at the source is shown in Fig. 30. The injection profile is composed of
injection-pause cycles, in which water supply is provided for 40 hours under
a constant rate of 0.02 m/s, followed by a pause for 10 hours before the next
cycle of injection. From the simulation results, the time history of the pore
pressure in both scales at the source S is presented in Fig. 30. Upon injection
or pause, the macropore injection pressure jumps up or plunges immediately,
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Figure 30: Water supply in the fault reactivation problem. (a) Time history
of the prescribed injection velocity in macropore at the source point. (b)
Computed responses of injection pressure in macropore and micropore at the
source point. The numbers mark the sequence of injection-pause cycles.

while the micropore pressure at the injection point has the opposite behavior.
This is caused by the low mass transfer permeability between the macropores
and micropores. Then in the transient regime, when fluid gradually diffuses
into the micropores by mass transfer, micropore pressure slowly approaches
the macropore pressure. The two pressures will eventually be identical when
the diffusion between pores reaches equilibrium.

The macropore and micropore pressure field at time 40 h, 100 h and 180 h are
presented in Fig. 31. The pressure plume is initially of the shape of a circle and
then expands as the increasing amount of water are being injected through the
source. The pore pressure drops when the injection pauses, but the plume is
still expanding, driven by the excess pore pressure that has not been entirely
diffused. When the injection is resumed, the pore pressure rises again.

The presence of the fault with higher permeability disturbs the pressure
plume. The fluid flows more quickly to the top surface through the chan-
nel inside the fault. As for the micropore pressure field, it has a similar but
delayed evolution behavior, due to the time required for the fluid transfer be-
tween macropores and micropores. The difference between macropore and
micropore pressure is due to the different permeability in macropores and
micropores for the fluid to diffuse in the macro-scale field, and also the low
transfer permeability between pores.

Due to the fully coupled nature of the problem, the mechanical responses of
the porous solid, especially the displacement jump and traction at the strong
discontinuity, strongly depend on how pore fluid diffuses inside the pore
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(a) 40 hours (b) 100 hours

(d) 40 hours (e) 100 hours (f) 180 hours

Figure 31: Evolution of macropore pressure (a-c) and micropore pressure (d-f)
field. Arrows indicate the fluid flux vector field in macropores (a-c) and in
micropores (d-f). The non-zero components normal to the impervious bound-
aries are due to the inaccuracy of the nodal projection of the flow vector field
evaluated at quadrature points.

(a) 40 hours (b) 100 hours (c) 180 hours

Figure 32: Evolution of the mean effective stress field in the macro-scale sim-
ulation.

space. The evolution of macro-scale mean effective stress field during the fluid
injection cycles is shown in Fig. 32.
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Figure 33: Evolution of the differential strain field in the macro-scale simula-
tion.

The increase in the mean effective stress is due to the increase in excess pore
pressure, in agreement to the effective stress principle. This results in a re-
duction in the normal compression traction. As the fault is frictional, this re-
duction in normal compression also reduce the shear strength and ultimately
leads to the reactivation of the fault. The slip can be clearly observed from
the changes in deviatoric strain field illustrated in 33. The deviatoric strain
gradually increases and concentrates inside the fault zone.
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Figure 34: History of normal Un and tangential Us components of the dis-
placement jump [u] for local RVEs A, B and C (location shown in Fig. 33). The
numbers mark the sequence of injection-pause cycles (Fig. 30).

This simulation result suggests the hazardous effect of injecting water to the
underground, as a fast fluid flow may trigger the slip of a nearby pre-existing
fault, leading to the failure of the foundation.

The Figures clearly illustrate the failure of the fault system by the opening and
sliding of the local microstructures, caused by reductions in both normal and
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The local responses to the fluid injection-pause cycles, including the spatial
displacement jump, effective nominal traction and spatial macropore
permeability, are illustrated in Fig. 34, Fig. 35 and 36 respectively for three
locations A, B, C in the fault indicated in Fig. 33.

Figure 35: History of normal Tn and tangential Ts components of the effective
nominal traction T’ for local RVEs A, B and C (location shown in Fig. 33). The
numbers mark the sequence of injection-pause cycles (Fig. 30).

tangential traction.

5le=13 sle—13 5le-13
— kn — kn — kn

&
7
&

IS
IS
IS

w
w
w

I}
[N}

a
N}

Permeability [m?]

Permeability [m?]
Permeability [m*]

56 y
JoTIRen |
s

34 3 > ¢
20 40 60 80 100120140160 180 0 20 40 60 80 100120140160 180 20 40 60 80 100120 140160 180
Time [h] Time [h] Time [h]
(a) RVE A (b) RVE B (c) RVEC

Figure 36: History of normal kn and tangential ks components of the macro-
pore permeability kryg for local RVEs A, B and C (location shown in Fig. 33).
The numbers mark the sequence of injection-pause cycles (Fig. 30).

These results demonstrate the capacity of our proposed multiscale model in
capturing the complex mechanical and hydraulic behaviors of the interfa-
cial materials. This is an improvement over the phenomenological traction-
separation laws where idealized tensile and shear (linear or exponential) be-
havior is often adopted [PP11, BS18].
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